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Abstract

This paper paper is devoted to the analysis and control of a simple rigid
body mechanical system with dynamic backlash. Contrary to most of the
existing work in control literature we explicitly treat all the dynamic and
non-linear characteristics of this system. We show that appropriate gains
in a PD control scheme can be selected such that the closed-loop system
is locally stable around a desired symmetric periodic orbit. Two cases are
analyzed: the colocated and the non-colocated controllers. It is shown that
both schemes are quite similar, although the non-colocated case yields, as
expected, smaller existence and stability regions. This work finds potential
application in several areas including the control of kinematic chains with
joint clearance and vibro-impact systems.

1 Introduction

Backlash is one of the most important non-linearities that taxes the control strate-
gies implemented in the industrial machines and degrades the overall performance
of the machines. It causes delays, oscillations, and consequently gives rise to in-
accuracies in the position and velocity of the machine. In extreme cases, backlash
related effects can help set in chaos in the system thereby making it completely
intractable from the point of view of the controller.

Backlash commonly occurs in bearings, gears and impact dampers. It arises
from unavoidable manufacturing tolerances or are often deliberately incorporated
in the system to accommodate thermal expansion [2]. Fig 1 presents the sketch of
a simple system with backlash which uses a rigid body contact/impact model.
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Figure 1: System with backlash

[11] analyzed the problem and proposed to model backlash as a hysteresis func-
tion between the output and input positions of the system. This is a geometric
model in which the system input is #; and the output is #;. Given that the dy-
namic effects of the collisions are not taken into account in this model, it cannot
describe the real dynamics of the system in Fig. 1. This backlash model does
not approximate the real physical system in Fig. 1 as it makes the un-physical
assumptions that the shocks are purely inelastic and that the ratio of the inertias
of the two interacting masses, %, is zero. The control strategy mainly consists of
a discontinuous input which makes sure that the two gears are always in contact.
This means that the gears never stay free in the clearance and make instantaneous
position jumps from one contact to the other. This is an idealized behavior only
possible for an inertia-less system.

In [1] the authors investigate the control of a system with dynamic backlash.
With respect to Fig. 1 their control model considers the torque 7, as the input and
the position #, as the output. In their control model, the effect of impact of the
gears on the dynamics of the first gear (in Fig. 1) is considered as a disturbance. In
order to explore the limit cycle behavior of the system they base their study on the
describing function techniques. Their study is carried out by means of numerical
simulations only.

[8] formulated the dynamic equations of motion for an impact pair including
compliance at the contact. In his model, 7 is the input and #, the output. It
is assumed that Iy = 0, i.e. the system is an inertia free elastic shaft system
with backlash. Contrarily to [11] their linear control input uses a low gain when
the system evolves inside the clearance. [8] justifies the choice of the compliant
contact /impact model by citing laboratory experimental results.

Several other backlash models have been proposed and studied in the mechanical
engineering literature [10] and, in particular, in relationship with the so-called im-
pact damper. [2, 6] studied the dynamic response of simplified rigid-body impacting
systems. They showed the existence of complex dynamics including different types
of periodic trajectories, bifurcations, and chaotic motion.

In this work the impact damper (see Fig. 2) is used as a simplified model
of backlash for feedback control purposes incorporating the dynamical effects of
impacts. We use a rigid body model which is justified by typical numerical values
of 10"N/m for the contact/impact stiffness and a contact damping of 10Ns/m
between metals that have been reported in the literature. For instance, consider a



simple system that consists of a mass striking a rigid wall. If the contact/impact
process is modeled by a spring with stiffness £ = 10'°N/m, simple calculations [4]
yield an impact duration of 107 s. for m=1kg. We wish to underline here that in
contrast to the models of [11] and [§8] we consider the torque 7 as the input and
the angular position 6, as the output. In the linear backlash model as shown in the
Fig. 2 this corresponds to U and zy, respectively. In our opinion this is the most
practical model for control purposes in a machine with clearance. Our study finds
potential application in the control of robot manipulators whose performance may
be degraded because of the presence of clearance in the joints.

In this paper we apply PD control strategy to this system and identify the
realizable stable periodic solutions. Our objective here is to treat the control pa-
rameters, the gains of a PD control scheme in the same footing as the physical
parameters (such as the mass and the clearance length) of the system and study
the controller performance as a function of these gains. This we believe is a novel
approach. We show that similar to the effect of the change in physical parameters
on the system dynamics, the control parameters can also qualitatively change the
system dynamics. The study involves highly nonlinear equations and we eventually
rely on simulation results. Thus, although we cannot analytically guarantee the
existence of any stable periodic orbit, in practice, we find one within a few trials.

2 Controlled impact-damper model

A schematic diagram of the mechanical system under consideration is shown in Fig.
2, which consists of a secondary mass my subject to an external control input U
and a primary mass, my, which is constrained to move in a slot inside the mass m..
The supposed frictionless motion of m; is instigated by collisions with my which
occur intermittently because of the clearance 2. The play comes from the size of
the slot in my being larger than the size of m;. Due to the absence of friction, the
velocity of m; remains constant between two consecutive impacts. The physical
contacts may repeat many times, leading to a finite or infinite number of collisions.
This idealized model is called an impact pair. 1t is a simplified version of many
typical mechanical systems with clearances. Because of its simplicity, it has been
used frequently as a basic model for the study of mechanical systems with clearances
[2, 10, 4] and references therein. Although it is an approximate model, it exhibits
the typical behavior found in such systems and has an extremely rich dynamics.
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Figure 2: Physical model



The equations governing the motion between two successive impacts are:

222 ; ([)] for |1 —aq| < L (1)
All impacts are supposed, reasonably for metals, to be instantaneous and de-
scribed by a coefficient of restitution, e, representing the energy lost during collision
[3].
From the definition of the coefficient of restitution, the linear momentum con-
servation and considering that the positions of the masses are not changed during
the impact, the following relations can be obtained,
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where t{ and ¢ denote the velocities just after and just before the &' impact and
p = Tt is called the mass ratio.

Let us consider the case where [ = 0, i.e. the clearance is zero and © = x; = x5
(there are no impacts). Then this second order system is easily controlled via a
PD controller of the form

U = maig— ky@ — kyi, ky > 0,k, >0 (3)

with # = 2 — x4 and 24 is a desired trajectory. This control is applied only on m,.
In the following we shall choose x4 as a cosine function,

Ty = T, cOSwi (4)
so that U can be rewritten as
U=—k,d—kyx+ [cos(wt+ () (5)
with
Beos (wt + () = maiq + kyig + kyxa (6)

The closed-loop behavior of the controlled system is given by,
Mmaiy = —kyd — kyx + 3 cos (wt + () (7)

For the system with L # 0, this control is effective only between impacts.
Since the collisions are considered instantaneous, this control has no effect during
the impacts. However the impacts influence the evolution of my and my. It is
important to observe that the motion of m; can only be indirectly controlled via
collisions. For the feedback purposes = can be choosen as x5 or xy. The first case
is the colocated control and the second is called the non-colocated control. The
closed loop behavior of the system can be rewritten as a set of first-order equations:
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maele = —kyy — kpx + B eos (wt + ()

where 1 and y; are the displacement and velocity of the primary mass, x5 and y,
are the displacement and velocity of the secondary mass, and (z,y) = (21,y1) for
the non-colocated case or (x,y) = (22, y2) for the colocated case .

Note that the system contains eight parameters (k,, ky, @, w, i, €, Lyms), but
for this study, all the parameters will be kept fixed except the gains k,, k,which
are varied in order to investigate their effects on the dynamics and control of the
system.

3 Determination of periodic solutions

The construction of the periodic trajectories created by the control law is based
on the observation that the equations governing the closed loop system between
collisions are linear; thus explicit solutions can be obtained. These solutions are
concatenated at the instant of impact with an impact rule to obtain a complete
solution.

A periodic solution of order n will mean a solution which has a period n times
the period of the control input 7' = 27” (where n is an integer). In the system there
exist many different types of periodic solutions of order n. However, in order to
simplify the algebraic calculations only those periodic solutions which have a single
impact with each of the boundaries during a single cycle will be taken into account
(this is the simplest solution possible), referred to as simple periodic solutions.
Finding the general solution is at best extremely difficult and [2] demonstrate that
the exact closed form solutions are possible only when the number of collisions per
period is equal to two.
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Figure 3: Diagram of the flow of the secondary mass in the phase plane

To build the periodic trajectory only the secondary mass is considered. To find
a simple periodic solution, it is assumed that the oscillator starts at the boundary



Ty = x99 with initial velocity ya9 as shown in Fig. 3 (corresponding to pg). A
complete cycle is as follows: The secondary mass starts at py and immediately
jumps to p; via a virtual coefficient of restitution R which will be defined later.
The subsequent motion is governed by the differential equation and the system
moves until it reaches the boundary x5 = x45 at py, at which point it again jumps,
this time to p3. The mass continues to move until it reaches the boundary x5 = 249
at ps. If ps = po, then the orbit is periodic.

The method proposed is slightly different from the method presented in [6].
The main difference is the introduction of a virtual coefficient of restitution R to
accommodate the discontinuous velocities at a collision and the effect of the primary
mass. In using R the periodicity can be related only to the secondary mass, the
dynamics of the primary mass being taken into account by the coefficient R. In
the next section we will obtain an expression for R.

Within the simple periodic solutions, there are two different types of motion:
symmetric solutions in which the projection of the trajectory is symmetric with
respect to the origin and the masses spend an equal time between two consecu-
tive impacts, and asymmetric solutions which do not satisfy this property. In the
following, only the symmetric periodic trajectories will be considered.

3.1 Symmetric solutions

The values of k, and £, such that there exists a simple symmetric periodic solution
are searched. Because of symmetry, only one half of the cycle needs to be considered
for the study. The symmetry conditions require that x99 = —a99, and the time
elapsed between two consecutive shocks is A = % The system should satisfy also
the following conditions: y12 = —y10, Y22 = —Y20, T22 = —T20 and sin (wilo + () =
—sin (wtg 4+ ¢ + nm). The last condition shows that n must be odd.

Following the method suggested above, the periodic solutions are computed
at steady-state. In other words, the cycle is built assuming the existence of a
periodic solution with the symmetry characteristics and evaluating the solutions
at the collision instant. For steady-state motion with two impacts per cycle, if one
impact occurs at ¢t = tg, the next impact will occur at ¢t = tg+ % The velocity of
the primary mass remains constant between two consecutive shocks. Consequently,
the velocity of m; during (%o, ;) is equal to its velocity at ¢J. Hence yq is equal
to the ratio of the distance traveled and the time elapsed between the two impacts

of the cycle,
w

w
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The equations (2) can be rearranged to obtain the velocities of the secondary

mass before and after the collision as a function of the parameters of the system
and the position of the impact,
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A virtual coefficient of restitution R can be obtained which gives the velocity of
the secondary mass after an impact as a function of its velocity before the collision
and the physical parameters of the system,

Y21 = Ryzo, R = % (12)

Now the analysis can be referred only to the secondary mass given that the
effect of the primary mass is considered by the coefficient R.

Conditions for the existence of a symmetric periodic solution are given by (only
in terms of the secondary mass)

nT

Tog = T3 <t0 + 73 20, Ry207t0> = —T20 (13)
nT

Y22 = Y2 <to + 73 20, Ry207t0> = Y20 (14)

Because the conditions are given in the collision instant, the analysis is equal
for both the colocated and non-colocated cases. Only the solutions of the linear
equations between collisions are different.

3.2 Existence conditions

If we define ¢ = ¢ mod T', the equations (13) and (14) involvecos (weg) and sin (weg)
linearly, and can be solved. Solving the equations for sine and cosine provides the
equations (15) and (16).

sin (weo) = sn(x20, RYy20, po) (15)
cos (wg) = ¢s(x20, Rya0, o) (16)
sn* (220, Rya0, o) + ¢5° (220, Rya0,¢0) = 1 (17)

The expresions sn and ¢s depend on the physical parameters. They are different
for the colocated and the non-colocated cases.

It is worth noting that contrary to what is stated in [6] this condition is not
sufficient to guarantee the existence of a periodic trajectory. Indeed the existence
condition of the impact motion excludes the possibility of the occurrence of an
additional impact during the time interval between the periodic impacts [9, 5].
This can be expressed via so-called wviability conditions as

T
|zy — 2| < L for t0<t<t0—|—% (18)

The existence boundary of the given impact region must satisfy the following
conditions,

|$1—£L’~2| :L yl_y~2:0 (19)



The values of k, and k, can be obtained only numerically since the process of
obtaining them requires finding the roots of transcendental equations.

The necessary and sufficient conditions for the existence of the periodic trajec-
tories are in (17) and (18). Notice that from (17), 2, can be expressed as

Ty = l’m(l‘~207 Ryzm@o) (20)

Hence condition (17) can be replaced by the condition that ., in (20) exists.
Thus x,, can be eliminated as a parameter.

4 Stability of periodic solutions

In this section we will study the stability of periodic motions induced by the control
law described in the previous section. Periodic orbits correspond to fixed points
of the Poincaré map. The stability analysis of these orbits consists of computing
the Jacobian matrix DP of the Poincaré map at the periodic orbits and finding
the eigenvalues. A periodic motion is stable if and only if the moduli of all the
eigenvalues of DP are less than unity.

4.1 The Poincaré map

One of the most basic tool for studying the stability of periodic orbits is the
Poincaré map. The principal idea of the Poincaré map is to replace the continuous
nth-order system by an (n — 1)th-order discrete system. In practice, the Poincaré
map is derived by setting up a hypersurface of (n — 1) dimension in a state space.
If the section is chosen properly, the states intersect it repeatedly. The Poincaré
map is defined by the evolution of the intersections. One replaces the study of the
flow of the differential equation by the difference equation defining the evolution.
In terms of the Poincaré map, the orbital stability is reduced to the problem of the
stability of a fixed point of the map, which is characterized by the eigenvalues of
the map linearized about the fixed point.

In order to obtain a section to generate the Poincaré map P, one must have
some knowledge of the geometrical structure of the phase space of the problem.
For the system considered in this paper, it is possible to obtain a section relying
on the insight of the system behavior. That is, the collisions take place when the
two masses come in contact and the bodies move apart from each other after an
impact. If the collision is repeated many times, the evolution of the system will be
given by the system state evolution at the impact instants. This is a natural choice
of the section given the nature of the system. It is important to observe that the
discrete formulation of the Poincaré map enables one to eliminate the problem of
discontinuities due to impacts.

To simplify the notation z; = x4, 29 = ¥, 23 = ¥1 — 15 and z4 = y; — yo will be
used. In this system the hypersurface defined by the collisions is chosen as:

Y = {(z1, 22, 23, 24, ) |23 = L, z4 > 0} (21)



Because of the discontinuities, the Poincaré map must be constructed by com-
position of four simple mappings,

P:P43OP3~20P210P10 (22)

where P43 and Py is the contribution of the flight between constraints and Psy and
Py are the impact discontinuities. The system dynamics are given by the evolution
equation:

P4 %o
214 —_p 210 (23)
224 220
244 240

Notice that P is known only in implicit form. Indeed the solution of the time
elapsed between impacts (71 and 73) requires finding the roots of transcendental
equations. The Poincaré map defined by this section is not the usual stroboscopic
one which samples the phase space once per period of the excitation. Instead, an
impact map is used, the phase space is sampled before the impacts.

4.2 Analysis for symmetric solutions

The Poincaré map defined above is given only in implicit form, because to obtain
an explicit expression for the flight time is impossible. However, the behavior of the
system can be characterized by the local stability of the fixed points. The periodic
solutions correspond to fixed points of the Poincaré map.

In order to determine the stability of a periodic solution emanating from (o, 210, 220, Z40),
the Jacobian matrix of the Poincaré map P at (o, 210, 220, 240) must be calculated.
This derivative is obtained using implicit differentiation. The calculation of DP
is carried out by considering the dynamics of small perturbations of the periodic
solutions. Given the nature of the map only the sensitivity matrix DP is known.

The computation of DP must be decomposed into four parts to consider the
contribution of each mapping:

3(9947 2145 224, 244)

3(9907 2105 2205 240)

DP(¢0; 210, 220, 240) = = DP43 DP3y; DPyy DPyg (24)

where

MNpis 210, 22is 24i)

iy 2145 7255 74j)
D Py and D P35 representing the evaluation of the velocity discontinuities are

given by the impact rule. In (24) DP3; and DP43 come from the free flight. In

this mapping the evolution of the perturbation from the post-collision state to the

next pre-collision state is governed by the differential equation. The variables g,

DP; =

(25)

Z12, Z22 and zy are related to 1, 211, 291 and z4 by

= 232(9923991721172217241) =—L

212(9923991721172217241)
222(9923991721172217241)

42(9923991721172217241)

)
Ji
J2
fs =

(26)
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The stability of the periodic solution for the linearized system is determined
by the eigenvalues of the perturbation matrix DP. The solution is asymptotically
stable if and only if all the eigenvalues have a module less than the unity. The
considered fixed points must be hyperbolic to eliminate the degenerated solutions
and the possibility of the existence of bifurcations.

The eigenvalues of the matrix DP are given by

I\ —DP| =0 (27)

The resulting equation is a fourth order polynomial, the stability limits will be
given when the moduli of one of its solutions take the value 1.
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Figure 4: Superposition of the existence and stability regions as a function of the
gains (kp, k,) for the colocated control (p = 0.1,y = 0.75,n = l,w = 5,e =
(0.1,0.5,0.9))
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Figure 5: Superposition of the existence and stability regions as a function of the
gains (k,, k,) for the non-colocated control (¢ = 0.1,y = 0.75,n = 1l,w = 5,e =
(0.1,0.5,0.9))

Figures 4 and 5 show the range of gains k,, k, for which the desired symmetric
trajectory of the primary mass (corresponding to the parameters values in the

captions) exists and is stable. The shaded portions represent the intersection of
the stability and existence regions.

5 Concluding comments

We can make the following conclusions from figures 4, 5, 6, 7
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Figure 6: Basins of attraction for the colocated control (= 0.1,y = 0.75,n =
lyw=>5k, =10k, = 20,e = (0.1,0.5,0.9))

Figure 7: Basins of attraction for the non-colocated control (¢ = 0.1,y =0.75,n =

lw=>5,k, =10,k, = 20, = (0.1,0.5,0.9))

e The existence and stability regions are much smaller for the non-colocated

case than for the colocated one, as expected.

For the non-colocated case the region of existence and stability decreases with
increasing e. It is the inverse for the colocated case.

The range of admissible gains corresponding to the chosen stable periodic
trajectory is large for the colocated case.

It is possible to obtain similar figures for other parameters. Recall that the set
of figures corresponds to a particular desired trajectory for the primary mass.
However notice that to each couple (k,, k,) correspond a different secondary
mass trajectory.

It is of interest, in particular, to study the influence of i1 on the system behav-
ior. The two extreme cases 1 = 0 and p = oo can be analytically investigated.
For it — oo one can see that y; becomes continuous even at impacts, while
the relative velocity is strictly positive after impacts. Therefore the control
has no effect on the motion of the primary mass. This shows that the exis-
tence region tends to decrease with increasing pr. On the contrary as p tends
to zero, the effects of the primary mass on the secondary mass become neg-
ligible. Intuitively, this facilitates the control since the non-linearities in the
secondary mass dynamics vanish. The influence of I (that is ) also deserves
future attention.

11



e [t is clear that the PD control provides only local stability. It is therefore of

interest to study a control strategy which can enlarge the basins of attraction.
A hybrid control strategy which fulfills this objective has been proposed in

ul

e In order to obtain the basins of attraction in figures 6 and 7, we have consid-

ered that a given trajectory converges towards the desired one if (27 — 21)* +
(g7 =11 )2+ (15— 12)2 + (2" — )% < 0.001 after 1500 iterations of the Poincaré
map, i.e. 3000 collisions.

e Notice that the real basins of attraction contain the depicted ones, since the

convergence criterion eliminates trajectories with a too slow transient. More-
over the depicted figures represent a section of the real basins of attraction

in the (21, y1,y2, ) = (21, y1, Y3, ¢”)-subspace.

e Although the existence and stability regions for the non-colocated case are

much smaller than for the colocated one, the basins of attraction have a sim-
ilar size in both cases. However in practice the uncertainties on the physical
parameters will be an obstacle to the implementation of the non-colocated
control, due to the smallness of the admissible feedback gains regions.
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