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Abstract—We present a novel momentum-based method for
maintaining balance of humanoid robots. By controlling the
desired ground reaction force (GRF) and center of pressure
(CoP) at each support foot, our method can naturally deal
with non-level and non-stationary ground at each foot-ground
contact, as well as different frictional properties. We do not
make use of the net GRF and CoP which may be dif cult
or impossible to compute for non-level grounds. Our method
minimizes the ankle torques during double support. We show
the effectiveness of this new balance control method by sim-
ulating various experiments with a humanoid robot including
maintaining balance when two feet are on separate moving
supports with different inclinations and velocities.

Index Terms—Humanoid robot balance, linear and angular

momentum, non-level ground, centroidal momentum matrix. Fig. 2: Our momentum-based controller can maintain balance of humanoid
robot on non-level (but locally at) and non-stationary ground, under

various disturbance forces.

|. INTRODUCTION

Even after several decades of intense activity, balance
maintenance remains as one of the most fundamental issué&erem is the total mass; g is CoM location, and n is
of humanoid robot research. Starting from the early workthe normal ground reaction torque at the CoP. Together
of [1], researchers have developed various approaches, sugRdk is called the spatial centroidal momentum, or in this
as joint (e.g., ankle or hip) control strategies [2], [3], wholepPaper, simply spatial momentum= (k;I) of the robot.
body control strategies [4], [5], [6], [7], [8], and the methods Obviously, as noted by [11], the rate of change of spatial
that nd optimal control policies [9]. momentum has a one-to-one relationship with the GRF and
Except for a few notable exceptions [2], [6] most tech-COP. Wheread_is completely determined by and vice
niques for humanoid balance and motion have focusedersa, CoP locatiop, depends on bothandk. Equivalently,
on controlling only the linear motion of the robot while k- depends on botth andp. Due to this fact, attempts to
ignoring its rotational motion. In these methods a robotcontrol CoP by controlling only CoM trajectory [5], i.e., only
is controlled to maintain its center of mass (CoM) alonglinear momentum while ignoring the angular momentum, are
a desired trajectory while restricting its center of pressurdundamentally incomplete. Indeed, experiments on human
(CoP) to remain inside the support base. balance control also show that humans tightly regulate
However, rotational dynamics of a robot also plays a sig@ngular momentum during gait [12], which suggests the

ni cant role in balance [10]. In fact, complete control of CoP, importance of controlling angular momentum. .
which is one of the most important in- In this paper, we present a new method for humanoid

dicators for balance, is impossible with- balance maintenance that controls both the linear and angular
out also controlling the angular momentum. components of the spatial momentum. We rst de ne the
This will be evident from the following desired rates of changes of linear and angular momenta
discussion. The rate of change of linear that are necessary to maintain balance, and subsequently
momentumLand the angular momentul compute theiradmissiblevalues under the constraints of
about the robot CoM (hence dubbeen- ground friction and foot contact maintenance. Finally, joint
troidal angular momentum in this paper) of torques are computed using inverse dynamics to generate the
a humanoid robot are related to the GRF admissible momenta rate changes. _
and CoP locatiorp as follows (Fig. 1): Desired momenta are realized by controlling the ground
reaction forces. When only one foot is in contact with the
l=mg+f 1) _ ground, the desired support foot GRF is uniquely determined
k=(p rg) f+ o @) ES-F;CE?Q“ from the desired linear and angular momenta rate changes.
However, for double support, there can be in nitely many
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then somehowresolve them for each foot. This approach, Regarding the computation of individual foot GRFs and

however, has a few drawbacks. Computing a net CoP whe@oPs, Hyon et al. [18] presented a method to minimize the

each foot rests on different non-level surfaces may or magum of the squared norm of forces at sample contact points

not be possible. Furthermore, it is dif cult to handle the while satisfying the desired net GRF and CoP. This method

case where each foot is contacting grounds with differentan minimize each foot GRF if the sample contact points

velocities and friction properties. are well distributed. Our method also minimizes foot GRFs
Therefore, in this paper, we present a novel method tdut puts higher priority to minimizing ankle torques, i.e.,

compute the individudioot GRF andfoot CoP such that they keeping foot CoPs below ankles.

create the admissible spatial momentum rate change which is

the closest possible to the desired value. By directly dealing !/l M OMENTUM-BASED BALANCE CONTROL

with each foot separately, we do not need to compute the 3D We describe our momentum-based balance controller in
convex hull of the contact points and can deal with differenthis section. Fig. 3 shows the block diagram of our balance
ground friction at each foot. controller. The joint torques are determined through the
The proposed method computes the foot GRFs and CoRgllowing steps. We rst specify the desired rates of changes
such that they minimize ankle torques while generatingf linear and angular momenta for balance (Sec. IlI-A),
desired rates of changes of momenta. This is achieveghd then determine the corresponding foot GRF and foot
by solving two constrained linear least-squares problemscoP (Sec. III-B). The admissible momenta rate changes
Minimizing ankle torque is important because typically thecorresponding to physically realizable foot GRF and CoP are
ankle torque is more constrained than others in that it shouldomputed as well. Next, we resolve the joint accelerations
not cause foot tipping. that will satisfy the admissible momenta rate changes as well
We perform various simulation experiments on our bal-as the foot contact constraint. Finally we compute necessary
ance controller with a humanoid robot model includingjoint torques to create the joint accelerations and the external

pushing the single or double-supported robot in variougorces using inverse dynamics (Sec. IlI-C). Each step will
directions and maintaining balance when two feet are ome detailed now.

separate moving supports with different inclinations and

velocities. )
Desired Admissible J-) Admissible Joint_ Joint
'l. RELATED WORK Rate Changd | GRACoP | Reto Crangel |
Although valuable research by Sano and Furusho [2 [ la:Ka fi.p la Ko a f
was performed as early as 1990, the importance of angulé [pesired Motion of
momentum for balance maintenance started to be serious | Joints and Feet Robot
explored much later [6], [13], [12]. Kajita et al. [6] included arTai Vai

angular momentum criteria into the whole body balance

control framework. Komura et al. [10] presented a balance Fig. 3: Controller Block Diagram

controller that can counteract rotational perturbations us-

ing angular momentum inducing inverted pendulum model

(AMPM) which augments the 3D Linear Inverted Penduluma_ pesired Momenta for Balance Maintenance

Model (LIPM) [14] with the additional capability of pos-

sessing centroidal angular momentum. Naksuk et al. [1?’_! S_ome_balance controllers de ne the _balance control ob-
considered angular momentum criteria for trajectory gened€Ctives in terms of CoP [16], [11] while others use mo-
ation of humanoid robots. Abdallah and Goswami [16], an enta [6]. Although the rate of cha_nge of spatial momentum
Macchietto et al. [11] de ned balance control objectives in"'@S @ one-to-one relationship with GRF and CoP, their
terms of CoM and CoP, and achieved this goal by controlling'd"i cance regarding balance are different. Whereas the
the rates of change of linear and angular momenta of th&P'mer relates to ro_bot motion, the latter character_lzes the
robot. Hofmann et al. [17] presented a momentum-balanc ature and constraints of the ground contact. Since the

controller that gives higher priority to linear momentum over!Tiction values and the unilateral nature of the robot-ground
angular momentum. contact limit the allowable range of external forces, the GRF

Like [6], [16], [11], [17], we also control both the linear and CoP impose important constraints on achievable range
and angular components of the spatial momentum of th@f mon:erlltabrgtef chang;:. Therggg, Wg lé:SEPthe momsnta
robot for balance maintenance. However, our method differ@S CcONUrol ObJeclives whereas ‘- and LOF aré used as
from that of [6], which does not check for the admissibility constraints for verifying the physical realizability of the
of the desired values of linear and angular momenta, an@rcﬁs' I behavior of the bal ' ,
from [16], [L1] which de ne the balance control objectives 1€ overall behavior of the balance controller against
in terms of CoM and CoP and not directly in terms of linear&Xternal perturbations is determined by the des_lred spatial
and angular momenta. Additionally, our method computegtomentum rate change. We employ the following control
contact forces at each support foot, and therefore can be usBglicy:
both during double-support and single-support and also on -m = Fed  Fe)+ Fea T 3
non-level ground and non-stationary grounds, whereas [16], . B nllsa o) 12(1 G c) 3
[11], [17] consider only single-support. ko= 21(ka k) 4)



wherely andky are desired rate of change of linear and cen- Fig. 4 at right, after the lateral shift, the GRF line of
troidal angular momentum, respectivety;.q is the desired action is rotated to fully respect angular momentum such
CoM. j =diag( ;) isthe 3 3 feedback gain parameter thatp andf satisfykq =(p rg) f. However, linear
matrix. Equations (3) and (4) try to achieve desired CoMmomentum is no longer respected, i.e., the robot puts higher
trajectory, linear momentum, and angular momentum. Fopriority to keep the desired pose (angular momentum) over
postural balance experiments we def to zero and set its desired location (CoM). In this case, the uncontrolled
the horizontal components ofs.4 to the mid-point of the linear momentum can make CoM to go too far, making it
geometric centers of the two feet. For other cases, thesgecessary to take a step in order to avoid a fall.

values may be determined from the desired motion. Note In this paper, we choose the rst strategy to increase the
that we do not have angular position feedback in (4) becausgapability of postural balance controller.

there is no “position” corresponding to angular momentum. 2) Double Support CaseGiven the desired momentum

lgy and kg will be used to determine admissible foot GRF rate changes, computing foot GRFs and CoPs of a double-
and CoP in the next step. supported robot is an under-determined problem, allowing
B. Foot GRF and CoP of Each Support Foot us to impose additional optimality conditions to resolve the

. . foot GRFs and CoPs. In this paper, we take the approach to
The desired momentum rate changes in (3) and (4) Mayinimize the ankle torques. A large amount of ankle torque

not necessarily be gdmissiblle..Generating them might re_quir@an cause foot tipping. Hence, minimizing ankle torque is
the GRF to be outside the friction cone or the CoP to exit th‘?mportant.
foot support area. Therefore, in the next step, we determine p e to the presence of cross product in (2), the optimiza-
admissible external forces such that the resulting momentugiyn, of foot GREs and CoPs is a nonlinear problem, which
rate c_hanges are as close as p_ossmle to the_deswed Va'”*%?pically requires signi cant computation time and yet can
While GRF and CoP are uniquely determined from the{‘%\rematurely terminate at a local minima. One way to convert
desired rates of changes of linear and angular momenigs into a linear problem is to express the foot GRF and
during single support, there can be in nitely many solutionss,qt cop using the contact forces at sample points [19], [18].

for double support. Hence we consider each case separatelyoever, this approach increases the dimension of the search
1) Single Support CaseWhen GRF and CoP computed pace signi cantly. For example, [19] used 16 variables to

from the_ d(_asired momentum rate change (eqs._ (1) and (2 odel a GRF and CoP of one foot, which is 10 more than
are admissible, we can directly use them. If not, it means thqhe dimension of the UnKNOWns.

we cannot simultaneously satisfy bdthandkq, and hence ngtead of increasing the search space to make the op-
we need to nd an optimal GRF and CoP that will create iz ation problem easier, our method is to approximate

admissible momentum rate change as close as possible §. nonlinear optimization problem by sequentially solving

the desired values. two smaller-sized constrained linear least-squares problems,
rst one for determining the foot GRFs, and the next for
determining the foot CoPs.

Fig. 4: Whenpy, the CoP corresponding to the desired GRf (dotted 2,
arrow), is outside the support base, it is not admissible. When the CoP
is made admissible by moving it within the support surface, the robot ) )
cannot satisfy both linear and angular momenta objectives. Two extremEig. 5: By expressing foot GRF with respect to the local frame of the foot
solutions are illustrated. One is to fully respect linear momentum objectivdocated at the ankle, we can factor out the moments | applied to the
by sacri cing angular momentum (left) and the other is the opposite (right).ankle by the foot GRF$ ; andf . r, andr, denote the ankle locations.
One can choose a solution between the two extremes.
To this end, let us rst rewrite (1) and (2) for the double

Fig. 4 shows two extreme cases for determiningand  support. Following [2], we will express the GRF at each
p. The rst case, left, fully respects linear momentum by foot with respect to the ankle (Fig. 5). The benet of this
laterally shifting the GRF without changing its direction, i.e., representation is that we can explicitly express the torques
the robot puts higher priority to controlling CoM position applied to the ankles.
(related to linear momentum) over body pose (related to

angular momentum). As a result, given a large perturbation, L=mg+f, +1, ®)

rapid rotation can be generated to keep linear momentum k= ki + kpy (6)

under control. This strategy can be seen from humans when ke =(r; rg) f,+(r; re) f, @)
r

they rotate the trunk or arms forward to maintain balance B
given a forward push. km= o+ | (8)



wheref , andf, are the right and left foot GRFs,, r|
are the ankle locations, and, | are the ankle torques. In
(6), we dividek_into two parts,k; , due to the ankle force,
andky,, due to ankle torques.

The idea of our method is simple and intuitive. In order
to minimize the ankle torquekf, ! 0), foot GRFsf ,, f |
should creatds as close to the desired rate of change of
angular momentumkg¢ ! ky) as possible while satisfying
lg. If ks = kg, the ankle torques can vanish.Kf 6 kg,
the ankle torques are determined to account for the residual
of the angular momentum rate change, k&, ks . Fig. 6: We represent the ground pressure to the right foot using the foot

a) Determination of foot GRFsThe goal is to deter- CoPd; in the right foot framef Rg, a normal momentnn;r , and the foot

. e . GRF f . f, is represented with four basis vectors; (j = 1:::4)
mine the foot GRF$ r andf | that minimize the fOHOW'ng that approximate the friction cone of the ground jand the magnitudes
objective function: i (0). Therefore, the ground pressure is de ned by 7 parameters,

for1;isy rayd s dry smpye g This representation is compact, having

minjike Ui+ wilka ki G ) (0 O e pression of the constraints for the rectangular oo
wherel_andk; are the functions of . andf | (eds. (5), (7)) 02000 Sadh is e height of oot frame from the botom,
wand (w > Q) are weighting factors for the angular
momentum and the total GRF magnitude, respectively. Like
the single-support case, we give higher priority to linear
component of the spatial momentum rate change over tht
angular component by setting low.

To enforce the friction cone and unilateral force con-
straints, we model each GRF using four basis vectqrs
and their magnitudes;; that approximate friction cone on
the ground (Fig. 6)

here =[dwx dry nr dix diy ni]" is the vector of

e unknowns and 2 R® 6 is a constant matrix of which
elements are determined from (12)and— are determined

by the lengths of foot, and is chosen such that; is zero
(i.e., the line of action of ; intersects the ankle). Eq. (13) is
another least squares problem, but this time with upper and
lower constraints. We use an implementation of Levenberg-

x4 Marquardt method [21] to solve this problem. Note that
fi= SR (10)  both least-squares problems have only a small number of
j=1 variables, so optimization can be carried out quickly.
where ; = [ i ], Substituting (10) into (9), we After determining the admissible external forces, we com-

ute corresponding admissible momenta rate chakgesd

get a linear least-squares problem with simple non-negativit from (5) and (6)

constraints:
min jj st ; O (11)  c. Joint Accelerations and Torques

where =[ | []7. and are constantsWe solve (11) The next step of the balance controller is to determine the
using the Non-Negative Least Squares algorithm [20], whichoint accelerations 5 such that they satisfy the admissible
has the merit that it does not require parameter tuning. Mmomenta rate changes as well as the contact constraints

b) Determination of foot CoPsAfter determining foot between the foot and the ground. Finally, we compute nec-
GRFs, we compute the minimal ankle torques such tha@Ssary joint torques to create the joint accelerations and the
they generate the residual angular momentum rate chang@xternal forces. For this purpose, we employ the procedures
kma = kg Kk¢. Sincef ; is xed, ; can be written as a Similar to [11].
linear function ofd; and n; (Fig. 6): *a is determined such that it minimizes the following

objective function:
i =[ fiIRidi + Ri n; (12)

wijha  Aq  Agj+( w)jji"a ]

(14)
st.Jg+Jg=aq

where R; is the orientation of a foot, so that we can
express the optimization problem as a constrained least-

squares problem: whereh, = ( k;;L;)T is the admissible spatial momentum

min jj Kmaji + i i st — (13) rate change. We use the differentiation of the centroidal spa-
- tial momentum relationshigh = A g whereA 2 R6 ©&+n)
h iy t F is the centroidal momentum matri22] that linearly maps
= 1y mg)T wk,g oT and = w ., w, where generalized velocities to momentum andis the number
i is de ned as the coef cient matrix to express angulalr momentum rateof DQFS of the robot.q :, (Vo; 9 IS, the ge,nera“ZEd
change due to, i.e., velocities wherevg 2 s€3) is the spatial velocity of the

base frame (trunk) and- 2 R" is the joint velocities.
=(rr rg) f,= e ra) - * 4 speci es desired joint acceleration (possibly determined
ror - r G r r G rj rj . . . . .
j=1 from a prescribed motion trajectory) is the Jacobian
matrix mapping the generalized velocities to the velocity



of the feet.w controls the importance between the balance @
objective and the style (or prescribed motion) objective.

aq = [ag, aj,]" is the desired accelerations of the feet. &
We setaq such that each foot has the desired con guration
T4 2 SH3) and velocityvyq 2 s€3). Speci cally, for each

foot, we use the following feedback rule: Fig. 7: Snapshots of robot balancing motion when a forward push of 120 N
is applied for 100 ms to CoM of the double-support robot on the stationary

agi = kplog(T; "Tia)+ ka(via Vi) (15)  support
fori 2 fr;Ig wherek, andky are positional and derivative

feedback gains, respectively. We solve (14) by converting it ) )
to a linear equality constrained least-squares problem.  linear momentum rate changes and they are almost identical

Finally, we compute feedforward torques by performingbecause the c_:ont_roller always respects the desired Iine_ar
inverse dynamics. For this purpose, we use the hybrid systefRoOmentum objective. In contrast, the angular momentum is
dynamics algorithm [23], which is useful for performing in- Sacri ced when the desired spatial momentum rate change
verse dynamics for oating-base mechanisms. Since externd$ not admissible (Fig. 8 (d)).
forces are explicitly speci ed for all the links contacting the
ground, we can treat the robot as an open loop system even 33
when multiple links are in contact with the ground, thereby
making it possible to use the inverse dynamics algorithms ¢ -
for open loop mechanisms.

Overall torque input is determined by adding feedback
terms: B S
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IV. EXPERIMENTS AND DISCUSSION

We tested the new balance controller by simulating a
humanoid robot model (Fig. 2). The total mass of the robot R
is 52 kg and each leg has 6 DoFs. We use the Webots (c) pesired and Admissible Linea(d) Desired and Admissible Angu-
software (www.cyberbotics.com) for dynamics simulation. Momentum Rate Change (forward dar Momentum Rate Change (sagittal
In the experiments of this paper, we excluded the robot "ectom plane)
arms from the balance controller because arms may bﬁg. 8: Trajectories of CoM, foot CoP, and momentum rate changes for the
engaged in other tasks to carry out simultaneously. Also, thexperiment in Fig. 7. Two circles in each gure indicate the start and end
arms are relatively lightweight to affect the state of balancef extemal push.
signi cantly.

Fig. 7 shows the snapshots of the robot maintaining Fig. 9 (top row) shows the balance control behavior when
balance under external push (120 N, 100 ms). When the pethe single-supported robot is pushed laterally. Similar to the
turbation is small, the desired GRF and CoP computed frorforward push, the robot maintains balance by rotating the
(3) and (4) are admissible and thus the robot can achievisunk. Although the single-supported robot has more limited
both the desired linear and angular momentum objectivesange of admissible CoP than double supported case, the
When the perturbation is greater as shown in Fig. 7 and thewing leg as well as the upper body can be employed to
controller puts higher priority to linear momentum objective, create larger angular momentum.
the admissible GRF and CoP are realized by generating Fig. 9 (bottom row) shows the robot maintaining balance
large angular momentum. The resulting motion of the robobn moving supports. In this case, the perturbation from the
is similar to human's behavior of rotating the trunk in the supports is continuous and the robot shows fairly large trunk
direction of the push to maintain balance. rotation. The desired CoM is set to the mid-point of the

Fig. 8 shows trajectories of CoM, CoP, and de-geometric centers of the two feet and its desired velocity
sired/admissible momenta rate changes of this experimerit set to the average velocity of the feet. The supports are
Fig. 8 (a) shows that CoM is restored smoothly after thanclined by 10 deg. and they move 1 m back and forth.
perturbation. Right foot CoP is shown in Fig. 8 (b) and The controller does not use any information on the actual
it is well maintained within the safe region de ned inside direction and magnitude of the pushes or the velocity of
the foot support. The actual foot CoP is slightly differentthe moving supports. In all the experiments, the following
from the admissible CoP due to the consideration of theparameters were used:;; = diagf40; 20;40g=m and
desired motion in (14) and to the numerical error of the 1, = diagf8;3;8g=m in (3), 21 = diagf20;20;20g in
simulation. Fig. 8 (c¢) shows the desired and admissibl¢4), w=0:1, =0:01in (9), and =0:01in (13).

3

&
3
HE
5
-
g
&

-20

Linear Momntum Rate Change (k.m/s?)

@
8

) 1 5

2 3
Time (sec)



Push:00deg 00N 100ms  03:247 Push: 00deg 00N 100ms  06:207 Push: 00deg 00N 100ms  08:895 Push:0.00eg 00N 100ms  10:223 Push:00deg 00N 100ms  12:655
Platform Frequency: 0.080 Hz Platform Frequency: 0.080 Hz Platform Frequency: 0.080 Hz Platform Frequency: 0.080 Hz. Platform Frequency: 0.080 Hz

%

Fig. 9: Top: A leftward push (100 N, 100 ms) is applied to the single-support robot on the stationary ground. The robot maintains perturbation by counter
rotating the upper body. Bottom: Two moving supports with different inclination angles translate forward and backward in a sinusoidal pattern, and the
robot keeps balance by rotating its upper body. The red arrows indicate the linear momentum of the robot.
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